New generation ground and space-based CMB experiments have ushered in discoveries of massive galaxy clusters via the Sunyaev-Zeldovich (SZ) effect, providing a new window for studying cluster astrophysics and cosmology. Many of the newly discovered, SZ-selected clusters contain hot intracluster plasma (kT e 10 keV) and exhibit disturbed morphology, indicative of frequent mergers with large peculiar velocity (v 1000 kms −1 ). It is well-known that for the interpretation of the SZ signal from hot, moving galaxy clusters, relativistic corrections must be taken into account, and in this work, we present a fast and accurate method for computing these effects. Our approach is based on an alternative derivation of the Boltzmann collision term which provides new physical insight into the sources of different kinematic corrections in the scattering problem. This allows us to obtain a clean separation of kinematic and scattering terms which differs from previous works. We also briefly mention additional complications connected with kinematic effects that should be considered when interpreting future SZ data for individual clusters. One of the main outcomes of this work is SZpack, a numerical library which allows very fast and precise ( 0.001% at frequencies hν 20kT γ ) computation of the SZ signals up to high electron temperature (kT e ≃ 25 keV) and large peculiar velocity (v/c ≃ 0.01). The accuracy is well beyond the current and future precision of SZ observations and practically eliminates uncertainties related to more expensive numerical evaluation of the Boltzmann collision term. Our new approach should therefore be useful for analyzing future high-resolution, multi-frequency SZ observations as well as computing the predicted SZ effect signals from numerical simulations.
INTRODUCTION
Free electrons residing inside the deep potential wells of galaxy clusters scatter photons of the cosmic microwave background (CMB), causing a spectral distortion which is commonly referred to as the Sunyaev-Zeldovich (SZ) effect. The thermal/random motions of electrons in the hot cluster atmospheres lead to the thermal SZ (thSZ) effect (Zeldovich & Sunyaev 1969) , exhibiting a y-type spectral shape related to the up-scattering of CMB photons. The bulk/directed motion of the electrons, on the other hand, causes a temperature shift in the direction of the cluster, known as the kinematic SZ (kSZ) effect (Sunyaev & Zeldovich 1980) .
The SZ effect has long been realized as a powerful tool ⋆ E-mail: jchluba@cita.utoronto.ca to learn about the formation of structures in the Universe (see Rephaeli 1995a; Birkinshaw 1999; Carlstrom et al. 2002, for reviews) . Since the effect is independent of redshift, the SZ signal is ideally suited to discover massive galaxy clusters out to high redshifts. New generations of ground-based (e.g., Muchovej et al. 2007; Vanderlinde et al. 2010; Marriage et al. 2011) and space-based (Planck Collaboration et al. 2011 ) CMB experiments have lead to discoveries of several hundred SZselected clusters. Current cluster samples have already provided unique constraints on the dark energy equation of state (e.g., Wang et al. 2004; Hütsi 2006; Vikhlinin et al. 2009; Benson et al. 2011; Sehgal et al. 2011) , the Hubble constant (e.g., Birkinshaw et al. 1991; Hughes & Birkinshaw 1998; Reese et al. 2002; Bonamente et al. 2006) , and non-Gaussianity in the primordial matter density field (Foley et al. 2011 ).
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Many of the newly discovered SZ-selected clusters contain very hot intracluster plasma (kT e 10 keV) (Williamson et al. 2011; Korngut et al. 2011 ) and exhibit disturbed morphology, indicative of frequent mergers with large peculiar velocity (v 1000 kms −1 ) (Halverson et al. 2009; Ma et al. 2012; Mroczkowski et al. 2012) . The 'Bullet' cluster is one well-studied examples of a high velocity merging system, with v ≃ 4000 kms −1 (Markevitch et al. 2002; Markevitch 2006; Springel & Farrar 2007; Milosavljević et al. 2007; Mastropietro & Burkert 2008; Lee & Komatsu 2010) . 'El Gordo' is another spectacular example of a massive, merging cluster at z = 0.87 filled with very high temperature gas up to kT e = 22 keV ± 6 keV (Menanteau et al. 2012) . Furthermore, Mroczkowski et al. (2012) recently measured the SZ effect for a triple merger system, finding shock heated gas with temperature kT e ≥ 20 keV and large peculiar motion (v ≃ 3000 kms −1 ). Because of the high electron temperature and large kinematic terms, interpretation of the observed SZ signal for such systems clearly must take into account relativistic corrections.
These corrections have been investigated theoretically by several independent groups (e.g., Wright 1979; Rephaeli 1995b; Challinor & Lasenby 1998; Itoh et al. 1998; Sazonov & Sunyaev 1998; Nozawa et al. 1998; Molnar & Birkinshaw 1999; Enßlin & Kaiser 2000; Dolgov et al. 2001; Shimon & Rephaeli 2004; Chluba et al. 2005; Poutanen & Vurm 2010) , and various analytic approximations already provide a good description of the SZ signals in different ranges of temperatures and frequencies. However, a number of high-resolution SZ experiments, including ALMA 1 , CARMA 2 , CCAT 3 , and MUSTANG 4 , are underway or planned, promising a dramatic increase in sensitivities, spatial resolution, and spectral coverage over the next few years. These upcoming SZ experiments should enable a host of new measurements of important cluster properties, including the electron temperature of the intracluster medium (ICM) (Pointecouteau et al. 1998; Hansen et al. 2002; Zemcov et al. 2012) , the peculiar velocity and internal bulk and turbulent gas motions of clusters (Nagai et al. 2003; Sunyaev et al. 2003; Diego et al. 2003) , and non-equilibrium electrons produced by merger and accretion shocks (Markevitch & Vikhlinin 2007; Rudd & Nagai 2009 ), to name a few. In order to properly interpret these upcoming measurements, it is critical to develop a fast and precise method for computing the SZ effect signal, ideally with accuracy well beyond the precision of future SZ experiments.
In this work, we present a fast and accurate method for computing the relativistic corrections to the SZ effect. The approach is based on an alternative derivation of the Compton collision terms, obtained using explicit Lorentz-transformations of the SZ signals from the cluster frame into the observer frame. This method allows us to clearly identify the source of different kinematic correction terms. The cluster's peculiar velocity, β c = v/c, makes the electron distribution function effectively anisotropic in the CMB rest frame. One way of dealing with the problem is therefore to use the Lorentz-boosted Boltzmann equation in the CMB rest frame (e.g., Nozawa et al. 1998; Challinor & Lasenby 1999; Nozawa et al. 2006) . Alternatively, one can treat the problem in the cluster frame. Upon Lorentz-transformation of the isotropic CMB into this frame, the CMB spectrum becomes anisotropic (e.g., see
1 Atacama Large Millimeter/submillimeter Array 2 Combined Array for Research in Millimeter-wave Astronomy 3 Cornell Caltech Atacama Telescope 4 MUltiplexed Squid TES Array at Ninety GHz Chluba 2011), with motion-induced monopole (∝ β 2 c ), dipole (∝ β c ) and quadrupole (∝ β 2 c ), due to aberration and Doppler boosting. These anisotropies are then scattered by hot electrons, imprinting a distortion on the CMB. Using the Lorentz-invariance of the photon occupation number and line-of-sight number of scatterings one can readily obtain the SZ intensity signal in the observer's frame. The advantage is that in the cluster frame complications related to kinematic corrections (aberration, retardation and time-dilation effects) and the cluster geometry (see Sect. 4.5) can be avoided.
The crucial generalization is that we consider not only the scattering of the radiation monopole, but also dipole and quadrupole scattering by hot electrons. The required kinetic equation for the scattering of anisotropic radiation in lowest order of the electron temperature was recently derived by Chluba et al. (2012) ; however, here we include higher order temperature correction to this problem. We obtain a reformulation of the frequencydependent basis functions (Sect. 3.1.1 and 4.1.4) that allow very precise ( 0.001% at frequencies hν 20kT γ ) computation of the SZ signals up to high electron temperature (kT e ≃ 25keV) and large peculiar velocity (v/c ≃ 0.01). Our new approach pushes the precision for the SZ predictions far beyond the sensitivity of future SZ observation, eliminating the need for more expensive numerical integrations of the Boltzmann collision term. It should therefore be useful when analyzing future high resolution, multi-frequency SZ data for individual clusters or when computing the predicted SZ signals from numerical simulations (Nagai et al. 2003; Sunyaev et al. 2003; Diego et al. 2003; Dolag et al. 2005; Battaglia et al. 2010) .
With our new derivation, we also show that the kinematic corrections to the SZ intensity signal given here differ from previously obtained expressions (e.g., Sazonov & Sunyaev 1998; Nozawa et al. 1998 Nozawa et al. , 2006 Shimon & Rephaeli 2004 ). This difference is related to the interpretation of the scattering optical depth integral, which was not explicitly addressed in the earlier calculations (see Sect. 4.4) . Although, the differences are small, they could still be relevant for instance when using the SZ effect to confirm the redshift-scaling of the CMB temperature (Battistelli et al. 2002; Horellou et al. 2005; Luzzi et al. 2009; de Martino et al. 2012; Avgoustidis et al. 2012) , an idea that was suggested long ago (Fabbri et al. 1978; Rephaeli 1980) . We also briefly mention additional complications connected with kinematic effects on the measurement that should be taken into account when interpreting future SZ data for individual clusters (see Sect. 4.5). However, a detailed analysis is beyond the scope of this paper.
One of the main outcomes of this work is SZpack 5 , a numerical library which allows explicit computation of the SZ signals using the full Compton collision integral, but also fast approximation of the numerical result by means of the improved set of frequencydependent basis functions obtained here. This new approach allows calculation of the SZ signals with precision 0.001% over a wide range of parameters at practically no computational cost, overcoming limitations (see Sect. 3.1 for more details) of previously derived analytic approximations (e.g. Challinor & Lasenby 1998; Itoh et al. 1998; Sazonov & Sunyaev 1998) to describe the SZ signals from hot, moving clusters. With respect to other fast representations of the Boltzmann collision by means of extended tables or fitting functions Itoh & Nozawa 2004; Shimon & Rephaeli 2004) , our approach provides an interesting alternative, with the derived basis functions being directly informed by the underlying physics of the problem. We furthermore include the kinematic corrections in this representation, describing the SZ intensity signal in the cluster frame and then obtaining the final result by Lorentz-transformation. This approach also allows us to include the effect of the observer's motion (Chluba et al. 2005 ) in a simple manner, without extra approximations.
ANISOTROPIC COMPTON SCATTERING
In this section we present a brief derivation of the required kinetic equation for Compton scattering of photons by hot thermal electrons. For now, we neglect the effect of peculiar motion and only consider relativistic correction in different orders of the electron temperature, T e . However, we describe the scattering of anisotropic photon distributions in the rest frame of the SZ cluster. This generalization is needed to include kinematic corrections up to second order in the peculiar motion using explicit Lorentz transformations, as recently pointed out by Chluba et al. (2012) .
The Boltzmann collision term for a resting cluster
The time evolution of the photon phase space density n(t, ν,γ) at frequency ν in the direction 6γ under Compton scattering can be described using the Boltzmann equation (compare with Buchler & Yueh 1976; Itoh et al. 1998) 
where d 2γ′ is the solid angle spanned by the incoming photon, F is the statistical factor, and dσ/ dΩ ′ denotes the differential scattering cross section 7 . We assumed that the incoming photon field is spatially homogeneous, which for the problem of interest here is a valid approximation as long as the number of scatterings is small.
To compute the SZ effect one can neglect the effect of electron recoil, since the energy of CMB photons, hν, is much smaller than the energy of the fast electrons inside the cluster, i.e., hν ≪ γm e c 2 . Here γ = 1/ 1 − β 2 is the Lorentz factor and β the dimensionless velocity of the moving electron. In that limit the Compton scattering cross section reads (e.g., see Jauch & Rohrlich 1976 )
for the photon phase space densities were introduced. The electron phase space density is isotropic and may be described by a relativistic MaxwellBoltzmann distribution,
where K 2 (1/θ e ) is the modified Bessel function of second kind with dimensionless electron temperature θ e = kT e /m e c 2 , N e is the electron number density, and ǫ(p) = 1 + η(p) 2 ≡ γ denotes the dimensionless energy of the electrons with the dimensionless momentum η(p) = |p|/m e c = γβ.
With the above definitions, the statistical factor can be cast into the form F ≈ f [e ∆xe n ′ − n], where we defined x e = hν kTe and ∆x e = x ′ e − x e . Introducing x = hν/kT γ and ∆ ν = (ν ′ − ν)/ν, the statistical factor can be rewritten as
where we set ∆x e ≃ (T γ /T e ) x ∆ ν ≈ 0, neglecting terms that are multiplied by the CMB to electron temperature ratio, T γ /T e , which for typical clusters is of order ≃ 10 −8 . We now define the moments of the energy shifts
over the scattering cross section. Here
* , so that only the integrals with m ≥ 0 ever have to be explicitly computed. For small θ e these moments are all frequency-independent polynomials, which can be explicitly computed up to some order, k max , in θ e . As we also see below, If we write n(x,γ ′ ) as a spherical harmonic expansion with spherical harmonic coefficients n lm (x), then the required Boltzmann equation takes the simple form
where we introduced dτ = cN e σ T dt. In the optically thin limit, this expression is formally valid for any anisotropic, yet spatially uniform radiation field that is scattered by hot electrons and in which electron recoil and stimulated scatterings can be neglected. For the temperature correction to the SZ effect one only needs to consider the scattering of the monopole part of the radiation field, but when considering kinematic corrections, anisotropies in the photon distribution must also be included. With modern computers it is straightforward to carry out the full 5-dimensional collision integral, Eq. (1), numerically. Here we use the quadrature rules according to Patterson (1968) for each of the independent 1-dimensional integrals. These rules are fully nested and converge rapidly with only a few refinements. Below we simplify the collision term by reducing the number of integrals and by leveraging symmetries of the problem in different situations. To confirm the accuracy of the results we always compare to those obtained with the full 5-dimensional collision term. With the full collision term it is also possible to compute the SZ signals for more general incoming radiation fields with anisotropies. The corresponding routines can be found in SZpack.
THERMAL SZ EFFECT FOR HOT ELECTRONS
To compute the temperature correction to the SZ effect for τ ≪ 1 we have to insert n ≈ n Pl = 1/(e x − 1) into the Boltzmann equation, Eq. (7). Up to n th order in θ e we need to compute the derivatives x k ∂ k x n Pl for k ≤ 2n + 2. These derivatives can be expressed in several ways, some of which are summarized in Appendix A. For explicit computations of the relativistic corrections it is enough to directly use the expressions for x k ∂ k x n Pl as they are, taking care of the order of different terms to improve the numerical stability (see Appendix A). Together with the moments in Table B1 they determine all correction terms up to the desired order in temperature, in our case O(θ 11 e ). The spectral distortion caused by the thSZ effect in the single scattering approximation is then given by
where we introduced the generalized y-parameter, y (k) , and the line-of-sight optical depth 8 , ∆τ = N e σ T c dt. For the second and third equalities of Eq. (8b), we also assumed that the cluster is isothermal along the line-of-sight. Alternatively, one can consider the distortion caused by a single scattering event in one small volume element of the cluster and then sum each contribution along the line-of-sight. The functions Y n are determined by
x n 00 (x)Y 00 with n 00 (x)Y 00 ≡ n Pl (x), and the coefficients a Table B1 . With the definitions given in Appendix (A), in first order of the electron temperature we have
. This is the well-known result given by Zeldovich & Sunyaev (1969) for the thSZ effect, which can be directly derived using the Kompaneets equation (Kompaneets 1956; Weymann 1965) . In second order of the electron temperature, we find
This expression is equivalent to Eq. (2.27) in Itoh et al. (1998) and the last term in Eq. (12) of Sazonov & Sunyaev (1998) , as can be easily shown using the expressions, Eq. (A1). We confirmed higher order terms by comparing with the expressions given by Itoh et al. (1998) . Our expressions for the temperature corrections to the thSZ effect alone are also equivalent to those formulae given by Shimon & Rephaeli (2004) , although here we obtained two additional orders in the electron temperature. We also derived temperature corrections up to 20 th order in electron temperature, but improvements in the convergence were only marginal. 8 Unless noted otherwise henceforth we will refer to 'optical depth' as quantity that is defined inside the cluster frame. With this convention the optical depth is directly characterizing the number of scatterings along the photon's world line, and hence cleanly separates the effect of scattering and kinematic terms on the SZ signal, as we explain in detail in Sect. 4.2.1. ). The lower panel shows the relative difference with respect to the full numerical result. For θ e = 0.01 we multiplied it by 100, demonstrating that the SZ signal is represented to better than ≃ 0.01% precision over the shown frequency range. However, for clusters with kT e 10 keV the Taylor series expansion with the basis functions Y k does not perform well at x 10. Notice that the spike around the crossover frequency, x cr ∼ 3.83, is because the SZ signal vanishes there. The numerical integrals were carried out using SZpack.
Improved representation of the spectral distortions caused by the thermal SZ effect of hot clusters
Although the moments I k 00 have previously been computed to very high orders in temperature, it is known that the associated approximation converges very slowly (Challinor & Lasenby 1998; Itoh et al. 1998; Sazonov & Sunyaev 1998) . This is because for high electron temperature ( 10keV) the width of the scattering kernel (see Sazonov & Sunyaev 2000 , for properties of the Compton kernel) becomes sufficiently large that the absolute frequency shift (∆x ≃ x √ 2θ e ≃ x/5) caused by Doppler broadening exceeds unity at x 1/ √ 2θ e ≃ 5. Although the relative change in frequency is still small, the simple Taylor series expansion of n Pl (x ′ ) around x starts to converge slowly: even when taking up to 10 th order correction in θ e , the formula provide a rather poor description of the SZ signal at high frequencies 9 However, the frequency range x ≃ 10 − 20 is very relevant for interpreting observational data.
It is therefore important to compute the thSZ effect from hot clusters precisely even at these high frequencies. Furthermore, higher order temperature corrections are significant near the crossover frequency, x cr ≃ 3.83, and improved formulae would be desired.
One straightforward possibility is direct numerical integration of the Boltzmann collision term, Eq. (1). Since for the thSZ effect of hot clusters the number of integrals can be analytically reduced to two (e.g., Wright 1979; Enßlin & Kaiser 2000; Dolgov et al. 2001; Nozawa et al. 2009 ), the line-of-sight numerical integration for a single temperature is very fast (a few seconds on a standard laptop) and a full analytic description in terms of a Taylor series can be avoided. However, when analyzing upcoming high resolution SZ data along many lines-of-sight, the inversion of the SZ signal to temperature and electron profile requires a large number of integrals to be taken. In that case it is beneficial to have a simpler and faster method for computing the SZ signal.
One possibility is to produce a simple 2-dimensional table in (θ e , x) and then interpolate or fit the results (see e.g., Nozawa et al. 2000; Itoh & Nozawa 2004; Shimon & Rephaeli 2004 ), but for an accurate representation of the collision term ( 0.1% say) one needs a rather fine grid, rendering this approach suboptimal. In particular, it might be useful to look for a different approach when kinematic corrections are also included.
Here we follow an alternative approach in the middle of the two extremes: one can use a Taylor series in θ e for the Boltzmann collision term, but leave n Pl (x ′ ) as it is, carrying out the remaining integrals numerically. This procedure defines a set of frequencydependent basis functions, Z k (x), that do not suffer from the same limitation as the Y k (x) expansion, while still being informed by the underlying physics of the scattering problem.
Computing the improved basis for the thermal SZ effect
To compute this new set of basis functions, we first reduce the dimensionality of the collision integral by realizing that for isotropic incoming radiation the azimuthal integrals can be carried out analytically (see Appendix B for details). The electron temperature enters the problem via the electron distribution function f (p), defined in Eq. (4). If we factorize f (p) as
with ∆γ = γ − 1, we can define the basis functions which can be computed numerically for some fixed temperature, θ e ≡ θ e,0 . The azimuthally averaged cross section d 2 σ 0 / dµ dµ ′ is given by Eq. (B1a). Then the distortion caused by the thSZ effect 10 One could in principle carry out either the integral over µ or µ ′ in addition by defining the logarithmic frequency shift s = ln[(1−βµ)/(1−βµ ′ )] (cf. Wright 1979) , but the resulting expressions are more complicated and numerical integration over 3 dimensions remains sufficiently straightforward with high precision so that we stop here. 
Figure 2. Comparison of the basis functions Y k and Z k for θ e,0 = 0.03. We scaled both sets by appropriate factors of k and θ e to make them comparable in amplitude. One can clearly see that the new set of functions, Z k , exhibits fewer oscillations as k increases. This leads to more stable convergence for higher orders in θ e . of a hot cluster is determined by
where in the last step we assumed that the electron gas is isothermal over the distance dl = c dt. This assumption is always justified when choosing dl sufficiently small, i.e., by considering the scattering effect for a small volume element of the cluster. The derivatives ∂ k θe e −∆γ/θe can be performed analytically for any k. In Fig. 2 we compare the first few functions Z k with Y k . One can see that the new set of functions, Z k , exhibits fewer oscillations as k increases. This leads to more stable convergence for higher orders in θ e .
In Fig. 3 we illustrate the performance of the new expansion. We computed the basis functions, Z k , at reference temperature θ e,0 = 0.03 up to the 20 th derivative in θ e using SZpack. Clearly the full numerical result is represented very accurately (with precision comparable to 0.001%) over a wide range of frequencies and temperatures. We found that the expansion works well even at temperatures of θ e > 0.05. At low temperatures, θ e 0.01, it is better to rely on the asymptotic expansion based on Y k , since errors start to become larger. However, the combined description with Y k and the new functions Z k allows very precise computation of the thSZ effect in an extremely efficient way. A combination of both approximations is implemented in SZpack. Alternatively, one could produce a set of basis functions Z k around different reference temperatures and in this way compress the representation of the full integral in an economic way, while achieving even higher precision at the same time. This is especially important when considering effects in second order of the cluster's peculiar motion (velocity of ≃ 3000km/s say) for which relative precision better than ≃ 10 −4 is required.
KINEMATIC CORRECTIONS TO THE SZ SIGNAL
To derive the modifications caused by the motion of the cluster with respect to the CMB and the observer, we describe the scattering process in the rest frame of the cluster, where the incoming radiation field is anisotropic due to kinematic effects. We can use the formalism developed in Sect. 2 to compute the introduced distortion by thinking of the problem as scattering of monopolar through quadrupolar part of the photon distribution. Transformation of the SZ signal into the observer frame can then be achieved by simple Lorentz transformation (Sect. 4.2 and 4.3), without additional loss of precision. We restrict the main derivation to kinematic corrections up to second order in the clusters velocity, β c , but neglect the effect caused by terms in O(β 3 c ) and scattering of primordial large-scale CMB anisotropies. We briefly discuss these effects in Sect. 4.1.5, arguing that close to the crossover frequency these only contribute at the level of 0.1% relative to the kSZ signal. Inside the cluster frame, the computation of the SZ signal is straightforward, and complications related to aberration, retardation and time-dilation effects, as well as geometrical aspects can be avoided. These, however, enter the problem when transforming to a general observer, as we discuss in Sect. 4.5.
SZ signal in the moving cluster frame
As a first step, we transform the photon distribution from the CMB rest frame into the cluster frame which is moving with a peculiar velocity β c . Aligning the z-axis with the direction of the cluster's motion, it is straightforward to show that (cf., Chluba et al. 2012 )
xc n 00 (11) in the cluster frame. In the chosen coordinates the photon distribution is azimuthally symmetric aboutβ c , with all other spherical harmonic coefficients vanishing in O(β 2 c ). We neglected any intrinsic large-scale anisotropies of the CMB and set n 00 = √ 4π n Pl (x c ).
, and x c = hν c /kT γ , where ν c is the photon frequency evaluated in the cluster frame and T γ defines the CMB monopole temperature in the CMB rest frame 11 . As Eq. (11) shows, in first order of β c a dipolar anisotropy is induced by the cluster's motion relative to the CMB rest frame. The spectrum for this part of the photon distribution corresponds to a temperature shift, G(x c ) = −x c ∂ xc n Pl = x c e xc /(e xc − 1) 2 . In second order of β c a quadrupolar anisotropy and a small correction to the monopole appears, where both Doppler boosting and the aberration effects contribute (Challinor & van Leeuwen 2002; Kosowsky & Kahniashvili 2011; Amendola et al. 2011; Chluba 2011; Chluba et al. 2012) . The spectrum of the quadrupolar part is Q(
, which has a y-type dependence. Similarly, the correction to the monopole exhibits a y-type distortion. Higher order correction terms (i.e., the motion-induced octupole, ∝ β 3 c , and hexa-decupole, ∝ β 4 c ) can be easily obtained, but for typical peculiar velocities (β c ≃ 10 −3 − 10 −2 ) these are very small (see Sect. 4.1.5). Also, the associated Taylor series in β c converges quickly, which is in stark contrast to the expansion in small electron temperature and frequency shift discussed above, which only converges asymptotically.
Inserting Eq. (11) into Eq. (7) and collecting terms we have
Here P 2 (x) = [3x 2 − 1]/2 is the second Legendre polynomial and µ c c is the direction cosine of the angle between β c and the outgoing photon,γ c , evaluated in the cluster frame. Furthermore, we defined ∆Î (12) is still the general expression, describing the scattering of CMB photons in the cluster frame, written in a compact way. The required moments are summarized in Appendix C. Any observer that moves with a velocity β c relative to the CMB measures a spectral distortion in the direction of the cluster that is given by this expression. By including as many moments,Î k l0 , 11 The value of T γ can be determined, a point that we clarify below. c 0000 RAS, MNRAS 000, 000-000 as is required to converge for a given cluster temperature, this is formally the exact result, provided that the value for the peculiar motion of the cluster allows truncation of the series in β c at second order. If higher orders in β c are needed then additional momentsÎ k l0
with l > 2 must be computed. However, the series in β c converges rapidly, so that Eq. (12) should be enough. As expected, when truncating the moment-hierarchy at some finite temperature, we again encounter problems of convergence for hot clusters. We will show how to overcome these limitations below.
We also mention that, as expected, the SZ signal is independent of the azimuthal angle, φ c , of β c with respect to the line-ofsight, reflecting the symmetry of the scattering process. For the distortion only the projections of the anisotropic photon distribution onto Y l0 matters, once the z-axis is re-aligned with the direction ofγ c . This statement is no longer true when the polarization signature caused by the kSZ effect is considered (Sunyaev & Zeldovich 1980; Sazonov & Sunyaev 1999) ; in this case φ c defines the direction perpendicular to the linear polarization plane. Internal motions of the ICM can cause interesting effects in the polarization signal, in principle allowing to study the transverse intra-cluster velocity field (Chluba & Mannheim 2002; Diego et al. 2003) . However, a treatment of the polarization effects, including temperature corrections, is beyond the scope of this paper.
Effect on the monopole spectrum inside the cluster frame
The first sum of Eq. (12) describes the effect of scattering on the monopole seen in the cluster frame, with second order kinematic corrections to the Planckian spectrum included. The first contribution to this sum is the thSZ effect, which affects the purely Planckian part as discussed in the previous section. The other two terms ∝ β 2 c can be included as corrections to the functions, Y k . Since we have a simple and numerically stable method for computing derivatives of the Planck spectrum (see Appendix A2), we can obtain the associated spectral function, Y kin k (x) using the moments summarized in Table B1 . With the simple operator relations
x , the effect of scattering on the monopole part of the photon distribution, n 
The coefficients a (n) k are given in Table B1 . This expression defines the correction of the SZ signal in second order of β c arising from the scattering of the monopole part of the photon distribution in the cluster rest frame. With the definitions of Appendix A1 we can, for example, write
for the lowest order term in electron temperature. Here we introducedX = x coth
. The first few functions Y kin k are shown in Fig. 4 . As for the Y k -basis of the thSZ effect we can observe strong oscillations for larger values of k, indicating that the associated series in θ e converges slowly. The correction from the motion-induced monopole is the smallest among all kinematic corrections to the SZ signal, as we discuss below. . We rescaled by appropriate factors of k and θ e = 0.03 to make them comparable in amplitude.
Effect on the dipole and quadrupole part of the spectrum inside the cluster frame
The next two terms in Eq. (12) are caused by scattering of the dipolar and quadrupolar anisotropy in the cluster frame. The contributions ∝ ∆Î 0 l0 include the effect of Thomson scattering (no energy exchange between electrons and photons) and temperature corrections to the Compton scattering cross section. Comparing with Eq. (11) it is clear that these terms leave the spectrum of the incoming radiation unchanged, but only modify their amplitude by scattering photons in and out of the line-of-sight. According to the moments given in the Tables B2 and B3, in second order of the electron temperature we have ∆Î 2 . An observer in the rest frame of the moving cluster sees a dipole and quadrupole spectrum with n c 10 (x c ) and n c 20 (x c ) given by Eq. (11). When looking towards the cluster the photon fluxes in the dipolar and quadrupolar parts of the photon distribution are reduced in both cases, since scattering out of the line-of-sight dominates. For the dipolar anisotropy in the cluster frame the leading order term describes the kSZ, ∆n = ∆τ c β c µ c c G(x c ) (Sunyaev & Zeldovich 1980) , while for the quadrupole scattering we have the quadratic kSZ effect (qkSZ), ∆n = − 
The other terms in Eq. (12) describe changes in the spectrum of the dipole and quadrupole caused by the scattering process, with energy transfer from the electrons to the photons. For the total effect on the dipole part of the photon distribution we therefore have
where we used the operator relations, Eq. (13), and d Table B2 . Similarly, for the effect on the quadrupole we find
with q (n) k defined according to Table B3 . The first few functions D kin k and Q kin k are shown in Fig. 4 . We also have
in lowest order term of the electron temperature. Among all kinematic corrections to the SZ signal, the kSZ effect in first order of the cluster velocity is the largest. Temperature corrections to the kSZ can reach ≃ 10% − 20% at high frequencies and are therefore larger than the correction from the qkSZ effect. Temperature corrections to the qkSZ effect are already very small, but still larger or comparable to the signal related to the motioninduced monopole (Sect. 4.1.1). However, as we show below, it is easy to include all these effects using an approach similar to the thSZ effect case, at no additional computational cost.
Comparing with numerical results
It is straightforward to numerically compute the spectral distortion in the rest frame of the cluster. By inserting the transformed occupation number, n c (x c ,γ c ) = n Pl (γ c x c (1 + β c ·γ c )), into the Boltzmann equation, Eq. (1), one can directly integrate the collision term to all orders in β c and θ e . We implemented this case as one of the routines in SZpack to confirm the results obtained with the simplified approach discussed below. This also allows us to include the scattering of primordial CMB anisotropies in the cluster rest frame, but both higher order terms in β c and the scattering of CMB anisotropies cause very small additional signals, which are only noticeable close to the crossover frequency, where the thSZ effect vanishes (see Sect. 4.1.5).
We start by considering the effect of scattering on the dipolar anisotropy in the cluster frame. We can ease the numerical integration by using the symmetries of the scattering process: with respect to the outgoing photon directionγ c we only have to consider the azimuthally symmetric part of the photon distribution function, 
where d 2 σ 1 / dµ dµ ′ is given by Eq. (B1b). The dependence on the electron temperature arises from the integral C kin (x c , θ c e ), which accounts for additional redistribution of photons (up-scattering) over frequency by energy exchange with the thermal electrons.
The results of the numerical integration are shown in Fig. 5 for different electron temperatures. The case θ e = 0 corresponds to the normal kSZ effect. Temperature corrections are visible only at high frequencies around x ≃ 1 and 10, reaching ≃ 10% − 20% relative to the kSZ signal. For θ e = 0.05 we also show the result of the asymptotic expansion, Eq. (16), with 4 th order temperature corrections included. At higher frequencies convergence gets slower and including more orders did not further improve the agreement with the full numerical result. On the other hand, for low temperatures (θ e ≃ 0.01) we found good agreement of the expansion, Eq. (16), with the full numerical result. We also confirmed numerically that the full 5-dimensional collision integral for the dipole part is correctly represented by Eq. (19).
The corrections in second order of β c can be obtained in a similar manner. For the motion-induced distortion of the monopole, defining M(x) = G(x) + Y 0 (x), we find 
where d 2 σ 2 / dµ dµ ′ is defined by Eq. (B1c) and we subtracted the term proportional to
Q(x c ), caused by scattering of photons into the line-of-sight. Here d 2 σ 0 2 / dµ dµ ′ denotes the cross section d 2 σ 2 / dµ dµ ′ for β = 0. In Fig. 6 we show the signals caused in second order of the cluster velocity. Clearly, the correction already becomes very small, and if relative precision ≃ 10 −4 −10 −3 is not needed, these terms can certainly be neglected. For the signal related to the motion-induced quadrupole temperature corrections are again only visible at high frequencies, reaching ≃ 10% for θ e = 0.05. The contribution to the SZ signal from the motion-induced monopole term vanishes in the limit θ e → 0, since Thomson scattering leaves the monopole and µ c = 1, 0, −1 from top to bottom panel. All temperature corrections are included for each of the contributions, and the curves were obtained using the 3-dimensional integrals for monopole through quadrupole scattering. We also show the result obtained with SZpack carrying out the 5-dimensional collision integral explicitly. Notice that we multiplied the signals in second order of β c by appropriate factors to make them more visible.
unaltered. As Fig. 6 also indicates, the convergence of the expansions, Eq. (14) and (17) is very slow, and good agreement is only reached for low electron temperature. We confirmed numerically that the full 5-dimensional collision integral for the monopole and quadrupole correction is correctly represented by Eq. (20) and (21).
In Fig. 7 and qkSZ effect (∝ β 2 c P 2 (µ c )). We rescaled by appropriate factors of k and θ e to make them comparable in amplitude.
is independent of µ c , as expected. Also, for µ c = −1 the kSZ and qkSZ signals add while for µ c = 1 they have opposite sign.
Improved representation of kinematic SZ corrections
The discussion of Sect. 4.1.3 shows that the expansion in small frequency shifts for the kinematic corrections also suffers from the same limitation as the pure thSZ effect. This problem again can be cured by defining a different set of basis functions to account for the various temperature terms:
Similar to the thSZ signal (Sect. 3.1.1), we avoided taking the temperature derivative of the normalization factor, N(θ c e ) by pulling it in front of the integral. Using this basis, the kinematic corrections to the SZ signal in the small optical depth limit can be expressed as
In Fig. 8 we show the first few basis functions for Z c /γ by Lorentz-contraction. A photon that is scattered at x 1 (t 1 ) = x 2 (t 2 ) − (L + ∆L) = c∆t is received by the observer at the same time as a photon scattered at x 2 (t 2 ) ≡ x c 2 (t c 2 ) towards the distant observer. During the interval ∆t the end of the slab moved by ∆L = βc∆t to x 1 (t 2 = t c 2 ) = x 2 − L. We therefore find the effective time-interval ∆t = L/c(1 − β) = ∆t c /γ(1 − β) ≡ γ(1 + β)∆t c over which the scatterings of photons that are received simultaneously by the resting observer take place. For illustration we chose β = 0.6, so that L = 0.8L c , ∆L = 1.2L c and ∆t = 2∆t c .
precise computation of the SZ signals for an observer at rest in the cluster frame.
With Eq. (23) we can now compute the SZ signals in a very fast and economic way. In Fig. 9 we illustrate the performance of this expansion. For all considered cases we find agreement at the level 0.001% with the full numerical result in second order of β c , at least away from the crossover frequency, where the total signal is small. For temperatures θ e 0.01 one can use the asymptotic expansions given above to compute the SZ signals. A combination of both set of basis functions therefore allows calculation of the SZ signal with very high precision. We implemented these approximations in SZpack, and found that even for θ e ≃ 0.06 − 0.07 the new set of basis functions still represents the full numerical result with precision 0.1%. We also checked the expressions for other values of µ c and found excellent agreement with the full numerical result.
To emphasize the improvement in the performance, evaluation of the full 5-dimensional collision term on a standard laptop takes about 2 minutes for 40 frequency points with SZpack, while calculation of the SZ signal with our improved set of basis functions is practically instantaneous. For computations of the SZ signals from simulated clusters this makes an important difference.
Additional small corrections
When considering terms in second order of β c , in reality one should also include the primordial CMB quadrupole, octupole and other large-scale anisotropies, which all have a spectrum x c ∂ xc n Pl (x c ). For clusters with β c ≃ 3 × 10 −3 these in principle have comparable amplitude (≃ 10 −5 − 10 −4 ), and in different orders of the electron temperature the anisotropies they do couple to the Compton scattering cross section. With the 5-dimensional collision term we can estimate this effect using SZpack. We found that the correction always entered at the relative level of ∆n/n 10 −4 , except for close to the crossover frequency, where the correction could reach ≃ 0.1% of the kSZ signal. However, in absolute terms this correction is tiny. Similarly, higher order motion-induced corrections remain small. If extremely high precision was required it would be straightforward to include these terms. We also confirmed that the effect of stimulated scattering and electron recoil become important at a relative level ∆n/n 10 −6 .
Transforming the SZ signal into the CMB rest frame
The expressions for the SZ signal discussed so far are only valid for an observer at rest in the cluster frame. Also, they describe the change of the photon occupation number caused by electron scattering assuming the optically thin limit, and multiplication by 2hν 3 /c 2 gives the distortion of the spectral intensity signal. As mentioned above, in the cluster frame the derivation is rather straightforward and very clear in terms of the required scattering physics. However, the transformation to a general observer becomes slightly more complicated, especially when thinking about real measurements and the appearance of the cluster to the observer (see Sect. 4.5).
Below we consider the transformation of the SZ intensity signal into an arbitrary observer frame. However, to understand the problem it is easiest to start with the special case of an observer at rest with respect to the CMB, where the CMB spectrum is given by a blackbody, n Pl (x), with no anisotropies. From the cosmological point of view this is also the most relevant frame, for instance when discussing about the statistics of the large-scale velocity field. The first obvious transformation relates the frequencies of the observed photons: x c = γ c x(1 − β c µ c ), accounting for the Doppler effect. Transformation ofγ c gives µ c c = (µ c − β c )/(1 − β c µ c ), describing the relativistic aberration effect. Here µ c = β c ·γ is measured in the CMB frame, while the azimuthal angle under which the scattered photon is received does not change. These expressions can be directly inserted into the formulae describing the SZ signals, e.g., Eq. (10) and (23), when using our improved set of basis functions. However, there are two additional transformations that deserve a few comments. The first is related to the optical depth and the other to the electron and photon temperature. , r) , where we used N c e (t c , r c ) ≡ N e (t, r)/γ c (also see Chluba et al. 2012 , for more detailed explanation). The Lorentz factors cancel out after combining time-dilation and length-contraction. The remaining factor of (1 − β c µ c ) accounts for the effect of retardation: while photons are propagating along a given line-of-sight the cluster is moving with β c µ c along that same line-of-sight. For a fixed interval ∆t ≡ ∆t c this shortens the apparent distance that photons travel through the cluster medium by (1 − β c µ c ) .
Transformation of the optical depth
However, in terms of the SZ signals, the factor (1 − β c µ c ) should not be considered separately, since physically the relevant quantity is the total number of scattering events, N sc (γ c ), along the photon path through the ICM, which is Lorentz-invariant and related to the integrated scattering optical depth (see e.g., Rybicki & Lightman 1979; Abramowicz et al. 1991) . Different observers therefore always agree on the number of scatterings encountered by the photons along a given geodesic through the cluster. The apparent direction under which the photon is received along a particular geodesic and also the specific moments of the scattering events depends on the frame because of the aberration effect, timedilation and also geometric effects, but N sc (γ c ) is always identical. To understand this point better, let us consider a simpler case in which a thin slab of scattering medium is moving with β along the x-axis towards the observer (see Fig. 10 for illustration). If the cluster and observer are at rest with respect to each other, then we have the optical depth ∆τ
Here we assumed a constant number density, N c e , of electrons along the slab. As indicated, ∆τ c is directly proportional to the number of scatterings along the photon path, or equivalently, the number of electrons encountered by the photon along the given world line.
Using the transformation for dτ given above, we also have
As illustrated in Fig. 10 , the effective interval over which the scatterings take place increases to ∆t = ∆t c . This shows that ∆τ * (γ) is no longer just related to the number of scatterings (or the scattering optical depth in the classical sense) along the photon's path but includes a kinematic factor (1 − β c µ c ) −1 to account for the change of the electron flux in the CMB rest frame. This implies that the variable ∆τ * (γ) describes a mixture of scattering effects and kinematic correction terms.
To compute the SZ signals in different observer frames we directly use ∆τ c (γ c ), only transforming the apparent directions under which the photon are received. This variable is very convenient because ∆τ c ∝ N sc without any extra dependence on the cluster's (or observer's) motion, such that a clean separation of scattering and kinematic effects is achieved. As we explain in Sect. 4.4, in comparison with previous works (e.g., Sazonov & Sunyaev 1998; Nozawa et al. 1998 Nozawa et al. , 2006 Shimon & Rephaeli 2004 ) this makes a difference for the interpretation of the kinematic correction terms at order O(β c θ e ) and O(β 2 c ).
Transformations of electron and photon temperature
The effects mentioned in this section only become relevant for future high, precision SZ observations, because they enter the SZ signal at order O(β c θ e ) and O(β 2 c θ e ). Nevertheless, they touch on interesting aspects connected with the determination of the cluster frame electron temperature, T c e , and the CMB temperature, T γ , which are worth discussing briefly. In particular, when considering the problem of eliminating T c e from the expressions for the SZ signal, e.g., with X-ray observations, this section should be of interest.
It is evident that only in the rest frame of the moving cluster (or a small volume element with constant temperature and number density) it is possible to define T c e in a meaningful way (see Reiser 1994; Chacón-Acosta et al. 2010 , for some related discussion). In this sense the temperature of the gas becomes a parameter that, like the rest mass, describes the properties of a parcel of gas. An observer, who is moving with respect to the cluster frame, can only indirectly infer the rest frame electron temperature, for example, by measuring the widths of thermally broadened resonance lines, the shape of the X-ray spectrum, or even by measuring the SZ signals discussed here. In all these cases we observe some photons and by using the Lorentz-invariance of the photon occupation number, after making assumptions about the physical processes causing the signal, we can in principle understand how to infer the electron temperature defined in the rest frame of the cluster. Consequently, the 'measured' value for the electron temperature, T ′ e , is directly linked to the method that was used to obtain it.
Thinking, for example, of a thermally broadened resonance, it is clear that to first order in β c only the position of the line changes, but its fractional width remains the same, so that one can directly infer T ′ e ≈ T c e . In second order of the motion this is no longer true, and the detailed transformation law for the photon distribution into the observer frame has to be considered. When using the cluster's X-ray spectrum to determine the electron temperature, it is also important that to first order in β c the Doppler effect again changes the received photon frequency. This implies that the inferred value of the electron temperature (by fitting the shape of the X-ray spectrum) is T ′ e ≃ T c e /(1 − β c µ c ). However, in both the narrow line and X-ray spectrum case degeneracies with the redshift of the cluster exist. This shows, that as long as kinematic corrections are insignificant (say in comparison to the measurement errors) we need not worry about the way T c e was inferred; however, small differences do arise at high precision, and dependencies on the method becomes an issue. Observationally, measurements of the electron temperature (e.g., from X-rays) at the sub-percent level are futuristic, so that this effect will not become significant any time soon.
For similar reasons, determinations of the monopole temperature of the CMB, T γ , must be considered with care. In the CMB rest frame, by averaging the spectrum over the whole sky, we directly find the value of T γ , by comparing the average spectrum with a blackbody. The same result is of course obtained by measuring the spectrum in any single direction (we neglect primordial CMB anisotropies). However, for an observer who is moving with respect to the CMB, the 'observed' value for the CMB temperature, T ′ γ , in second order of the peculiar motion again depends on the observational strategy. By subtracting the motion-induced dipole and quadrupole temperature anisotropy in the moving frame, the monopole temperature is T ′ γ ≈ T γ (1 − β 2 c /6) (Chluba & Sunyaev 2004) . If on the other hand, we just integrate the observed intensity (including the motion-induced dipole and quadrupole spectral anisotropies) over the whole sky, we find an average energy density of ρ γ ≈ a R T 4 γ (1 + 4 3 β 2 c ) because of the superposition of blackbodies with spatially varying temperatures (Chluba & Sunyaev 2004; Chluba et al. 2012) . Here a R is the radiation constant. We therefore can infer an effective temperature of T The solid/black line shows the SZ signal for a cluster with θ e = 0.03, β c = 0.01 and µ c = 1 in the cluster frame. The other two lines show the correction to this signal (times 10) when transforming into the CMB rest frame (dashed/blue line) and for an observer who is moving in the opposite direction of the cluster with β o = 0.01. ature, T γ . Since in our expressions derived for the SZ signals both T c e and T γ appear, it is important to bear the above comments in mind, when interpreting measurements at high precision. The values of T ′ γ and T ′ e obtained by some method in the moving frame affect the inference made for the SZ effect. For T γ , this only enters the problem via terms connected with the thSZ effect, e.g., Eq. (10), since all kinematic correction terms are already at least of first order in β c . However, for T c e kinematic terms can even give rise to corrections ∝ β c θ e . In other words, errors on the inferred values for T γ and T c e will become important when interpreting the SZ signals with high precision. For the current precision in the value of the CMB monopole, this limits the interpretation of SZ signals to no better than ≃ 0.1%, but in the future the monopole of the CMB might be measured with much higher accuracy, for example using PIXIE (Kogut et al. 2011 ).
Final SZ signal in the CMB rest frame
With the comments above it is now straightforward to obtain the appropriate expressions for the SZ signal in the CMB rest frame. Using Eq. (10) In Fig. 11 we illustrate how the transformation back into the CMB rest frame affects the observed signal. The main effect is a shift of the photon spectrum towards higher frequencies. For the considered case, the correction is comparable to ≃ 5% of the SZ signal in the cluster frame. In particular, close to the crossover frequency, x cr ≃ 3.83, the kinematic correction makes a large difference, shifting x cr towards higher frequencies.
When looking at an extended object, there is a collection of sight lines through the object. Each of them has a different value of µ ′ c . Fixing the axis toward the object and assuming that it is moving as a whole in one direction with velocity vector defined by µ c and φ c relative to this axis, µ ′ c is given by µ
Here µ = cos(θ) and φ defines the line-ofsight relative to the reference axis. Typical clusters have angular size of only a few arcminutes (≃ few × 10 −4 rad), so we can approximate µ
At a relative precision of ≃ 10 −4 − 10 −3 one can therefore neglect higher order terms and just use µ ′ c ≈ µ c for each line-of-sight through the cluster. This is equivalent to the flat-sky approximation and the optical depth in this case is just a function of position on the sky ∆τ c (θ, φ) with roughly one common value of µ c independent of φ c .
Transforming into the frame of a general observer
Following the discussion of the previous section, it is now trivial to give the transformation laws for a general observer. If the observer is moving at a velocity β o with respect to the CMB, we can first transform the SZ signal from the cluster frame into the CMB frame and then subsequently relate the observed photon frequency x o and photon directionγ o to the corresponding quantities in the CMB frame. To study the large-scale velocity fields we are interested in the values β c and µ c inside the CMB frame, and it is therefore unnecessary to express these 'parameters' in the observer frame. Thus, we can simply use the transformations
with the Lorentz-factors γ c = 1/ 1 − β 2 c and γ o = 1/ 1 − β 2 o , and direction cosines µ c =β c ·γ, µ =β o ·γ, and µ o =β o ·γ o . The photon frequency, x o , and the value of µ o are directly measured in the observer's frame, but the dependences of the SZ signal on the cluster's and observer's peculiar motions and the relevant direction cosines are still expressed in the rest frame of the CMB. As mentioned above, this is a reasonable choice, since in this way the interpretation of the measured SZ signal (in the observer's frame) directly reveals β c and µ c in the CMB rest frame, the quantities we are after from the cosmological point of view.
The value of β o can be directly determined by looking at the CMB temperature dipole inside the observer's frame. For our motion with respect to the CMB rest frame we have (Fixsen et al. 1996; Fixsen & Mather 2002) . The value of µ o is then also fixed, by comparing the position of the cluster on the sky with the dipole axis. Since β o is small the additional modification caused by our motion relative to the CMB rest frame also remains small. This effect was first investigated by Chluba et al. (2005) . Their expressions for the SZ intensity change were confirmed by (Nozawa et al. 2005) . It was also pointed out that the motion of the Solar System should lead to a dipolar anisotropy in the cluster number counts (Chluba et al. 2005) . Furthermore, the small errorbars on β o and the direction of the dipole imply that the effect of our motion with respect to the CMB can be taken out with ≃ 0.1% precision.
With Eq. (24), we can verify that x c = x 0 for β c ≡ β o . Here it is important to note that in the observer's frame we measure µ o ≡ µ c c , and
c . For an observer at rest in the CMB frame we also find x o = x and µ o = µ, as expected. Note that by using the expressions (24) we can avoid additional approximations related to the transformation into the observer's frame. The precision of the predicted SZ signal is therefore only limited by how well we are able to represent the distortion in the cluster frame.
In Fig. 11 we illustrate how the SZ signal is affected by the transformation to an observer moving with a rather large velocity in the opposite direction of the cluster. For comparison, our motion relative to the CMB rest frame causes a maximal correction that is about one order of magnitude smaller. Notice that for the computation of the SZ signal we used our expansions, Eq. (10) and Eq. (23), and only needed to fix ∆τ, T e , T γ , β c , µ c , β o , and µ o . Here, we assumed that the cluster is isothermal along the line-of-sight and we omitted bulk flows of the ICM. From CMB observations we can directly infer T γ , β o , and µ o . The remaining parameters describing the SZ signal are ∆τ, T e , β c , and µ c ; these can be directly constrained by multi-frequency SZ observations, where ∆τ and T e now denote the cluster frame scattering optical depth and electron temperature, respectively. Generalization to the non-isothermal case and inclusion of bulk flows of the ICM is straightforward and will be discussed in our future work.
Comparison with previous results (CMB rest frame)
We now compare our results for the kinematic corrections directly with the expressions given by different groups. For this we consider the SZ signal as measured in the CMB rest frame. Following the discussion of Sect. 4.2, and using the analytic expressions for the asymptotic expansion given above, for β c ≪ 1 we find
We emphasize again that ∆τ and T e denote the cluster frame scattering optical depth and electron temperature, respectively. All frequency-dependent functions are evaluated at frequency x and we used µ 2 = 2 3
. We also defined the differential oper- As before, we assumed that the cluster is isothermal and has no internal bulk flows.
With Eq. (25) we can easily read off terms of different orders in the electron temperature and β c . As mentioned earlier, our expression for the purely thSZ effect agree with those given earlier in the literature (Challinor & Lasenby 1998; Sazonov & Sunyaev 1998; Itoh et al. 1998; Shimon & Rephaeli 2004) . Also the kSZ term, ∝ β c µ c G, is the same. For the qkSZ effect we however find
in the CMB frame, where we used D * * x G ≡ Q(x) = G(x)X(x). This result differs by − 2 3 β 2 c P 2 (µ c )G(x) from the corresponding terms given in 13 Sazonov & Sunyaev (1998 , Rephaeli (2004), and Nozawa et al. (2006) .
The difference arises because other conventions for the optical depth variable were used in these earlier works. This aspect was 13 Challinor & Lasenby (1999) only gave the kinetic equation to describe the scattering of CMB photons by moving electrons, but did not integrate it. not explicitly addressed previously, but with the explanations given in Sect. 4.2.1 it is straightforward to show that Sazonov & Sunyaev (1998) and Shimon & Rephaeli (2004) expressed the SZ signal in terms of ∆τ * = ∆τ/(1 − β c µ c ), while Nozawa et al. (1998) and Nozawa et al. (2006) used ∆τ * * = ∆τ * /γ c . These redefinitions explain the above difference and consequently imply alternative interpretations of the kinematic corrections to the SZ signal in each case. From the physical point of view the variables ∆τ * and ∆τ * * both describe a mixture of scattering and kinematic terms, while with our choice of variables these effects are cleanly separated. Similarly, for the kinematic term ∝ β 2 c (with no additional dependence on µ c ) we find
G(x) from the results of Sazonov & Sunyaev (1998) , Nozawa et al. (1998) , Rephaeli (2004), and Nozawa et al. (2006) , for the same reason as above.
Temperature and velocity cross-term in first order of β c
From Eq. (25) in first order of the electron temperature we obtain
Again this expression differs from the one of Sazonov & Sunyaev (1998) and Nozawa et al. (1998 Nozawa et al. ( , 2006 by the amount expected from the redefinitions of the optical depth variables explained above, i.e., −θ e β c µ c Y 0 . The result of Shimon & Rephaeli (2004) for this term differs from ours by additional −θ e β c µ c G. We attribute this to a slight inconsistency related to the use of the Lorentz-invariance of the electron phase space distribution in Shimon & Rephaeli (2004) , but did not investigate this question any further. This difference was also discussed in Nozawa et al. (2006) . To conclude, at first order in β c we find full agreement of our results for the asymptotic expansion of the Boltzmann collision term with those given in previous works (Sazonov & Sunyaev 1998; Nozawa et al. 1998 Nozawa et al. , 2006 ; however, only after including the extra factor of (1 − β c µ c ) caused by the retardation effect in the definitions of the scattering optical depth. This factor is absorbed by the line-of-sight integral and does not appear separately, as explained in Sect. 4.2.1. When interpreting the SZ signals of individual clusters this difference can become important at the level of a few percent.
Temperature and velocity cross-term in second order of β c
For similar reasons, the temperature correction ∝ β 2 c θ e P 2 (µ c ) given by Nozawa et al. (1998 Nozawa et al. ( , 2006 and Shimon & Rephaeli (2004) , and all other second order kinematic terms also differ from our expressions by some small amount. For example, our first order temperature correction ∝ β 2 c θ e P 2 (µ c ) reads
where we used Eq. (18) to simplify the expression. The additional term related to the retardation factor (1 − β c µ c ) from the optical depth gives rise to −(2/3)β 2 c θ e P 2 (µ c )(
With Eq. (A1) one can show the equivalence to the expression of Nozawa et al. (1998) , noting that ∆τ * = ∆τ * * + O(β 2 c ). However, in the present work the factor (1 − β c µ c ) is not considered separately, but as part of the optical depth integral. Otherwise, the interpretation of optical depth is different and does not only reflect the effect of scattering, as explained above. Nozawa et al. (1998) did not explicitly carry out the transformation of the electron number density into the CMB rest frame. This introduces another factor of γ 
This is precisely 
Energy-transfer and conservation of photon number
From the final solution for the cluster SZ signal one can compute the change in the number density of photons and also the total Compton energy transfer caused by the moving cluster. This can directly serve as a consistency check (Sazonov & Sunyaev 1998; Itoh et al. 1998) , because the total number of photons should not change and also the energy transfer rate is well-known in this case. However, when considering different lines-of-sight through a extended object and the average properties of the received photon intensity, some subtle effects arise which we explain here.
Before carrying out the line-of-sight integral, from the photon Boltzmann equation we have
where ∆n(x,γ)/∆τ(γ) is given by Eq. (25). This expression is consistent with Sazonov & Sunyaev (1998) for all orders in β c and θ e presented there. Up to second order in β c , it is also equivalent to the expression obtained from the Lorentz-boosted Boltzmann collision term, which was used by Nozawa et al. (1998) and more recently in the cosmological context by Chluba et al. (2012) . However, as explained above the collision term presented by Nozawa et al. (1998) has to be multiplied by 1/γ c in addition, to transform N c e to N e . For a fixed time, from Eq. (31) we can carry out the angle averages and compute how much the photon field is affected by scatterings at a given location. Since µP 2 (µ) dµ = 0, we find
Considering, for example, the case θ e = 0 we have
This expression implies dNγ dt θe=0
= 0 for the change of the local photon number density, confirming that the scattering event conserves photon number. We also find dργ (γ) dt θe=0 = 4 3 β 2 c ρ γ cσ T N e for the change of the energy density, which is in agreement with the classical result for the Compton energy transfer (e.g., see Blumenthal & Gould 1970; Rybicki & Lightman 1979) . We confirmed that higher order terms also yield consistent results with respect to photon number conservation and energy transfer.
However, an important difference arises if we first carry out the line-of-sight integral and then average over different photon directions. Let us again consider the terms for θ e = 0. From Eq. (25) and (27) we have
which means
Not only does this apparently violate the photon number conservation, but also the transferred power is two times larger than that given by the classical formula. What is happening here? The explanation is related to the difference between emitted and received power from a moving source (Rybicki & Lightman 1979) . For the classical expression given above, the power emitted at a single point is integrated over all directions for any given instance of time. Imagining several sources embedded along a slab of medium, the average emitted power from all these sources is proportional to the number of sources inside the slab. However, the total power emitted by these sources was computed for each individual source separately and then averaged over the different sources. This is equivalent to placing all the sources into a single point and then averaging the emitted photon field using time-intervals measured in the source frame. In contrast, the averages Eq. (35) are carried out such that the time-intervals are measured by the observer, with the retardation effects consistently included. For SZ observations by some distant observers placed on a sphere around the cluster, Eq. (35) is therefore the relevant expression.
Appearance of the SZ cluster and additional kinematic effects on the measured quantities
Thus far we have only considered the transformation of the photon occupation number and how the spectral intensity along a given line-of-sight is affected by kinematic corrections. However, additional effects arise in practice. For example, due to the aberration effect different rays of photons change their separation: in the direction of the motion they become closer, while in the opposite direction they diverge from each other. This means that when observing the flux of photons in a given direction and some fixed solid angle in different frames, the signal changes accordingly. Consequently, the apparent angular size of the cluster changes by a small amount (Chluba et al. 2005) , depending on the direction of the motion of the observer relative to the cluster. Furthermore, the geometry of the cluster affects the apparent shape on the sky, and deviations from non-isothermality and the radial distributions of electrons modify the SZ signals. If we were to compare the results obtained by different observers or in different directions on the sky, this effect must be taken into account. Also, in observations the photon flux is integrated over some frequency filter and with a finite sampling rate. Fixing these in different frames implies kinematic corrections to the 'observed' SZ signals for different observers. Similarly, it matters if photon flux or intensity are consider. We will discuss these aspects of the problem in more detail in another work.
Astrophysical contaminations
There is a long list of additional effects that affect the SZ signal or compromise its interpretation at some significant level. For example, we neglected the effect of multiple scattering (see e.g. Rephaeli 1995a; Molnar & Birkinshaw 1999; Dolgov et al. 2001; Shimon & Rephaeli 2004; Nozawa et al. 2009 ), which should be most noticeable close to the crossover frequency. It is also known that the ICM should host populations of non-thermal electrons (e.g., Enßlin & Kaiser 2000; Blasi et al. 2000; Colafrancesco et al. 2003) . These give rise to non-thermal SZ distortions, which we omitted here, but do affect the SZ signal, especially at high frequencies. Also, the local radiation field inside the cluster is not necessarily described by a pure blackbody but could be contaminated, e.g., by synchrotron radiation. In that case one must also consider the effect of up-scattering for these parts of the photon distribution, another problem we leave for some future investigation. Moreover, galaxy clusters can act as a moving lens, deflecting photon from the CMB background and causing a characteristic temperature pattern which can reach a level comparable to ≃ 10% of the kSZ effect (e.g., Birkinshaw & Gull 1983; Molnar & Birkinshaw 2003) . Finally, we did not account for the effects of the inhomogeneous ICM structures and a suite of astrophysical processes, such as turbulent gas motions (e.g., Dolag et al. 2005; Lau et al. 2009; Vazza et al. 2009; Nelson et al. 2011) or magnetic fields (e.g., Koch et al. 2003; Gopal & Roychowdhury 2010) , on the SZ signal. For accurate predictions and interpretation of the SZ signals all these processes must be included.
SUMMARY
We considered the SZ signals caused by the scattering of CMB photons by hot electron residing inside clusters of galaxies, obtaining improved expressions that allow fast and precise computation of these signals. We compute the effect in the cluster frame and then derive the signal for the general observer by Lorentztransformation. This procedure is physically well-defined and allows us to understand the origin of the different kinematic correction terms in a simple way. The method provides a quasi-exact representation of the Compton collision term, with frequencydependent basis functions that are informed by the underlying physics of the scattering process. The precision of the calculation is limited by the accuracy achieved inside the cluster frame, which we push well beyond the precision of current SZ observations and uncertainties associated with cluster physics (see Sect. 4.6).
As explained here, the kinematic corrections to the SZ intensity signal obtained in previous analyses differ from ours by a small (comparable to a few percent for a typical cluster) amount (Sect. 4.4) . This is because here we explicitly express the SZ signal in terms of the cluster frame optical depth along the photon's path. This choice of variable provides a clean separation of kinematic effect from those related to scattering events. The difference might be important for future precision measurements of the clusters bulk velocity and when confirming the redshift-scaling of the CMB temperature using the SZ effect. In Sect. 4.5 we also briefly mention additional kinematic effects on the appearance of the SZ cluster and related instrumental issues; however, a more detailed analysis is beyond the scope of this paper.
One of the main product of this work is SZpack, a numerical library which allows fast and precise ( 0.001% at frequencies hν 20kT γ ) computation of the SZ signals up to high electron temperature (kT e ≃ 25 keV) and large peculiar velocity (v/c ≃ 0.01). SZpack should be useful when analyzing the SZ signals of high resolution, multi-frequency observation carried out, for example, with ALMA (Tarenghi 2008) and CCAT (Sebring et al. 2006) . Furthermore, the package should enable fast and accurate calculations of the predicted SZ signals from high-resolution clusters simulations. Extensions to account for the effect of non-thermal electrons using the method described here are planned. Similarly, our approach should be applicable when polarization effects (see, e.g., Itoh et al. 2000; Challinor et al. 2000) are considered. The impact of other processes mentioned in Sect. 4.6 will be studied more carefully in our future work. k = 2n+2. Here we give explicit expressions for k ≤ 8; however, we also show how to compute these derivatives up to any order using Eulerian numbers. This procedure is useful, since the expressions are rather lengthy while the relations using Eulerian numbers are basically analytic, involving summation of previous coefficients. Also, the recursions given here greatly increase the numerical stability for the evaluation of higher order derivatives.
A1 Explicit expressions up to the 8 th derivative of n Pl
In Itoh et al. (1998) and Sazonov & Sunyaev (1998) the derivatives x k ∂ k x n Pl were expressed using the variables X(x) = x coth x 2 ,S (x) = x/ sinh x 2 .
process. (1 − µ 2 )(1 − µ ′2 ), ζ = ν ′ /(νγ 2 κ 2 ), and the averaged quantities α sc = (1 − µ sc ) dφ ′ dφ/4π 2 = 1 − µµ ′ and α 2 sc = (1 − µ sc ) 2 dφ ′ dφ/4π 2 = α sc 2 + g(µ, µ ′ ).
APPENDIX C: MOMENT FOR MONOPOLE, DIPOLE AND QUADRUPOLE SCATTERING
We are interested in kinematic corrections up to second order of the peculiar velocity. To this order, the CMB spectrum has a motion-induced dipole and quadrupole component inside the moving frame. In n th order of θ e we therefore need all moments I k 00 , I k 1m , and I k 2m for s ≤ 2n + 2. The required integrations were performed with the symbolic algebra package Mathematica, defining appropriate replacement rules for all the appearing integrals in the Taylor expansion for small temperature. Note that for the Taylor expansion of the relativistic Maxwell-Boltzmann distribution function, Eq. (4), it is useful to transform to the variable ξ = η 2 /2θ e . The moments related to the monopole part of the photon distribution are summarized in Table B1 for up to 10 th order temperature corrections, or in total 11 th order in temperature. Up to 5 th order in temperature these expressions agree with the results given by Itoh et al. (1998) when neglecting all recoil terms. The Tables B2 and B3 give the moments for the scattering of the dipolar and quadrupolar spectral anisotropy in the radiation field, but only up to O(θ 9 e ), for illustration. In SZpack we included tables up to 10 th order, similar to the monopole scattering case. The moments up to the first order in temperature were also derived in Chluba et al. (2012) . However, higher moments have not been given in the literature before. In this work, we use then to write down all kinematic correction terms up to second order of the peculiar velocity using explicit Lorentz transformations. Table B1 . Moments for monopole scattering. Blank means the coefficient is zero. Within each row, the temperature order increases from left (∝ θ e ) to right (∝ θ 11 e ), while in each column the order of the derivative of the blackbody spectrum increases from top (x∂ x n Pl ) to bottom ( Table B1 , but we also add the coefficient q (−1) 0 = 1/10 to the table, which arises from Thomson scattering of the quadrupole anisotropy and is independent of temperature. Each row gives the moment coefficients q
